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Motivation
• Deep learning has seen explosive growth in recent years with more 

mainstream applications such as NLP-based web search 
assistants (Chat-GPT), generative art (StableDiffusion), drug 
discovery and more


• Highly accurate models require enormous amounts of curated data 
as well as large models with trillions of parameters


• Matrix multiplications are the core component of computation in 
these models


• Most hardware vendors have specialized hardware for matrix 
multiplication


• One of the fundamental tasks for ML compilers is making efficient 
use of these specialized units 
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Motivation
• Specialized matrix-multiplication hardware such as tensor 

cores usually require the input/output data to be in a 
specific layout  


• For NVIDIA GPUs, this layout specifies the mapping of 
threads to elements of the matrices (as shown on the right)


• Since the majority of compute centers around matrix 
multiplication, we would like to reuse the data that is 
already present in registers for subsequent operations


• Implies that we need to be aware of the data layout and 
reuse that layout as much as possible (as this would keep 
all the data in registers and avoid any additional data 
movement)


• How do we represent this layout?



Layout Representations
• Desirable properties of a layout representation


• Expressive: Capable of capturing the layout for a variety of tensor types, operators etc.


• Self-contained: Vector distribution should be derivable completely from the layout


• Generalizable: Extends to more than one architecture



Layout Representations
• Returning to mma.sync.m16n8k16 example


• How can we represent this layout?


• One option is using hardcoded functions provided by 
the PTX ISA, shown below

    group_id, thread_id_in_group = get_ids(lane_id)

    if (i >= 0 and i < 2) or (i >= 4 and i < 6):

        row = group_id

    else:

        row = group_id + 8


    if i < 4:

        col = thread_id_in_group * 2 + (i & 0x1)

    else:

        col = thread_id_in_group * 2 + (i & 0x1) + 8



• Could we use a higher dimensional layout representation 
instead?


• What might this high dimensional representation contain?


• Vector dimensions (X, Y, Z)


• Lane dimensions (X, Y, Z)


• Batch dimensions (for row and column)


• Batch (row) x Batch (column) x LaneZ x LaneY x LaneX 
x VectorZ x VectorY x VectorX 

• Row: VectorX = 2, LaneX = 4, VectorY = 2


• Column: LaneY = 8, VectorZ = 2


•
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Higher-Dimensional Layout Representations
• Extends to B and C matrices as well

VectorX

VectorX
LaneX

LaneX VectorY

La
ne

Y

La
ne

Y

Ve
ct

or
Y

Layout: [1, 1, 1, 8, 4, 1, 2, 2]

Batch (row) Batch (col) Lane Z Lane Y (0) Lane X (1) Vec Z Vec Y (2) Vec X (0)

1 1 1 8 4 1 2 2

Batch (row) Batch (col) Lane Z Lane Y (0) Lane X (1) Vec Z Vec Y (1) Vec X (0)

1 1 1 8 4 1 2 2



Distributing reads/writes
• How can we use this to distribute reads/writes?


• We need to compute the indices of which row and column 
of the matrix each thread needs to load


• We can compute that from our layout representation as 
shown below (for batch = 1)


• Can be extended to load more than one element at a time 
(ldmatrix.4)

%3 = vector.transfer_read %0[%c0, %c0], %cst_0 {in_bounds 
= [true, true]} : memref<16x16xf16>, vector<16x16xf16>


#map = affine_map<(d0, d1, d2) -> (d1 + d2 * 16)>

#map1 = affine_map<(d0, d1, d2) -> (d0 * 2)>

%3 = gpu.thread_id  x

%4 = gpu.thread_id  y

%5 = affine.apply #map(%3, %4, %c0)

%6 = affine.apply #map1(%3, %4, %c0)

%9 = memref.load %0[%5, %6] : memref<16x16xf16>

%10 = vector.broadcast %9 : f16 to vector<1xf16>

%11 = vector.insert_strided_slice %10, %cst_1 {offsets = 
[0, 0, 0, 0], strides = [1]} : vector<1xf16> into 
vector<1x1x4x2xf16>



Distributing contractions
• Contractions can be mapped directly to the mma.sync 

operation


• We standardize on one form of the vector contraction 



• Need to emit multiple mma.sync ops for the batch 
dimensions and accumulate the result across the 
reduction dimensions


• Can also handle mixed mode mma.sync where input 
operands are in FP16 but accumulators are in FP32

%5 = vector.contract {indexing_maps = [affine_map<(d0, d1, 
d2) -> (d0, d2)>, affine_map<(d0, d1, d2) -> (d1, d2)>, 
affine_map<(d0, d1, d2) -> (d0, d1)>], iterator_types = 
["parallel", "parallel", "reduction"], kind = 
#vector.kind<add>} %3, %4, %cst : vector<16x16xf16>, 
vector<8x16xf16> into vector<16x8xf16>


%55 = vector.extract %cst[0, 0] : vector<1x1x2x2xf16>

%56 = vector.extract %40[0, 0] : vector<1x1x4x2xf16>

%57 = vector.extract %54[0, 0] : vector<1x1x2x2xf16>

%58 = nvgpu.mma.sync(%56, %57, %55) {mmaShape = [16, 8, 16]} : 

(vector<4x2xf16>, vector<2x2xf16>, vector<2x2xf16>) 

-> vector<2x2xf16>

%59 = vector.insert %58, %cst [0, 0] : 

vector<2x2xf16> into vector<1x1x2x2xf16>



Distributing reductions
• Reductions followed by broadcast (and transpose) to 

original shape allows us to only consider the final result 
and assign to it the same layout as the source


• Reduction along the columns


• Based on the layout, we can deduce that 4 lanes are 
involved in the reduction

%5 = vector.contract {indexing_maps = [affine_map<(d0, d1, 
d2) -> (d0, d2)>, affine_map<(d0, d1, d2) -> (d1, d2)>, 
affine_map<(d0, d1, d2) -> (d0, d1)>], iterator_types = 
["parallel", "parallel", "reduction"], kind = 
#vector.kind<add>} %3, %4, %cst : vector<16x16xf16>, 
vector<8x16xf16> into vector<16x8xf16>

%6 = vector.multi_reduction <maxf>, %5, %init [1] : 
vector<16x8xf16> to vector<16xf16>

%7 = vector.broadcast %6 : vector<16xf16> to 
vector<8x16xf16>

%8 = vector.transpose %7, [1, 0] : vector<8x16xf16> to 
vector<16x8xf16>


Batch 
(row)

Batch (col) Lane Z Lane Y (0) Lane X (1) Vec Z Vec Y (1) Vec X (0)
1 1 1 8 4 1 2 2

 %61 = vector.bitcast %60 : vector<2xf16> to vector<1xi32>

 %62 = vector.extract %61[0] : vector<1xi32>

 %c1_i32 = arith.constant 1 : i32

 %c32_i32 = arith.constant 32 : i32

 %shuffleResult, %valid = gpu.shuffle  xor %62, 

     %c1_i32, %c32_i32 : i32

 %63 = vector.broadcast %shuffleResult : i32 to vector<1xi32>

 %64 = vector.bitcast %63 : vector<1xi32> to vector<2xf16>

 %65 = arith.maxf %64, %60 : vector<2xf16>



Distributing for loops
• Can support for loops by replacing the loop carried 

variables and yield variables with their corresponding 
SIMT values


• Also need to propagate the layout through the for 
loops to any reads/writes outside the for loop

%7 = scf.for %arg0 = %c0 to %c4 step %c1 iter_args(%arg1 = %6) 

     -> (vector<16x8xf16>) {

      %11 = vector.transfer_read %0[%c0, %10], %cst 

{in_bounds = [true, true]} : memref<16x64xf16>, vector<16x16xf16>

      %13 = vector.transfer_read %1[%c0, %10], %cst 

{in_bounds = [true, true]} : memref<8x64xf16>, vector<8x16xf16>

      %14 = vector.contract 

{indexing_maps = [#map4, #map5, #map6], 

iterator_types = ["parallel", "parallel", "reduction"], 

kind = #vector.kind<add>} %11, %13, %arg1 : 

vector<16x16xf16>, vector<8x16xf16> into vector<16x8xf16>

      scf.yield %14 : vector<16x8xf16>

%28 = scf.for %arg0 = %c0 to %c4 step %c1 iter_args(%arg1 = %27)

      -> (vector<1x1x2x2xf16>) {

  ...

  scf.yield  %85 : vector<1x1x2x2xf16>

}



Distributing operators with 1D vectors
• So far we avoided dealing with 1D vectors by 

considering reductions as reductions followed by 
broadcasts


• We can deal with operations on 1D vectors using the 
layout but this would introduce extra complexity as only 
some lanes would be participating in the operation


• An alternative is to tread 1D vectors as pseudo-2D 
vectors (broadcasted along the reduction dimension) if 
the 1D vectors are used as intermediate values in the 
computation


• Allows reusing the layout of the mma operations

%12 = vector.multi_reduction <maxf>, %10, %11 [1] : 

      vector<16x16xf16> to vector<16xf16>

%13 = vector.transfer_read %3[%7], %cst_1 {in_bounds = [true]} 

      : memref<16xf16>, vector<16xf16>

%14 = arith.subf %11, %12 : vector<16xf16>

%15 = math.exp %14 : vector<16xf16>

%16 = arith.mulf %15, %13 : vector<16xf16>

%shuffleResult_14, %valid_15 = gpu.shuffle … 

%154 = vector.broadcast %shuffleResult_14 : i32 to vector<1xi32>

%155 = vector.bitcast %154 : vector<1xi32> to vector<2xf16>

%156 = arith.maxf %155, %151 : vector<2xf16>

...

%175 = vector.insert_strided_slice %170, %174 

       {offsets = [0, 1, 1, 0], strides = [1]} : 

       vector<1xf16> into vector<1x2x2x2xf16>

%176 = vector.insert_strided_slice %170, %175 

       {offsets = [0, 1, 1, 1], strides = [1]} : 

       vector<1xf16> into vector<1x2x2x2xf16>

...

%177 = arith.subf %94, %164 : vector<1x2x2x2xf16>

%178 = math.exp %177 : vector<1x2x2x2xf16>

%179 = arith.mulf %178, %176 : vector<1x2x2x2xf16



Flash Attention



• Inputs: Query Matrix (Q), Key Matrix (K) and Value 
Matrix (V)


• Each of the inputs have shape (B x N x d) where B is 
the batch dimension, N is the sequence length and 
d is the head dimension


• Typically, sequence length is much larger than head 
dimension


• Usually, the operator includes additional steps such 
as masking (causal attention), dropout, scaling etc., 
but we ignore these for now


• Downsides to this approach are the need to 
materialize a potentially large N x N matrix

Naive Attention
Overview

<latexit sha1_base64="CLBxXdpq/g98L6+0joffcpxSUUs=">AAAB8nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXgQvCWaDyRh6Oj1Jk57uobtHCEM+w4sHRbz6Nd78GzvLQaMPCh7vVVFVL0w408Z1v5zc0vLK6lp+vbCxubW9U9zda2qZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fw5uJ33qkSjMp6maU0CDGfcEiRrCxkn+PrlAN3T1k9XG3WHLL7hToL/HmpARzVLvFz05PkjSmwhCOtfY9NzFBhpVhhNNxoZNqmmAyxH3qWypwTHWQTU8eoyOr9FAklS1h0FT9OZHhWOtRHNrOGJuBXvQm4n+en5roMsiYSFJDBZktilKOjEST/1GPKUoMH1mCiWL2VkQGWGFibEoFG4K3+PJf0jwpe+fls9ppqXI9jyMPB3AIx+DBBVTgFqrQAAISnuAFXh3jPDtvzvusNefMZ/bhF5yPb5BJkCg=</latexit>

S = QKT

<latexit sha1_base64="V64dlNpUQYKpCTuHzH4PenfDx/c=">AAAB/nicbVDJSgNBEO1xjXEbFU9eGoMQL2FG3C5C0IvHiGaBZAg9nZ6kSS9Dd48kDAF/xYsHRbz6Hd78GzvJHDTxQcHjvSqq6oUxo9p43rezsLi0vLKaW8uvb2xubbs7uzUtE4VJFUsmVSNEmjAqSNVQw0gjVgTxkJF62L8Z+/VHojSV4sEMYxJw1BU0ohgZK7Xd/Qq8gi0eykGqZWQ4GoyK98dtt+CVvAngPPEzUgAZKm33q9WROOFEGMyQ1k3fi02QImUoZmSUbyWaxAj3UZc0LRWIEx2kk/NH8MgqHRhJZUsYOFF/T6SIaz3koe3kyPT0rDcW//OaiYkug5SKODFE4OmiKGHQSDjOAnaoItiwoSUIK2pvhbiHFMLGJpa3IfizL8+T2knJPy+d3Z0WytdZHDlwAA5BEfjgApTBLaiAKsAgBc/gFbw5T86L8+58TFsXnGxmD/yB8/kDMeyVBA==</latexit>

P = softmax(S)

<latexit sha1_base64="BzmRvLWuWsHgFKnOz0oX30dC0UY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRGCXrwZwTwgWcLsZDYZMju7zPQKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYkUBl3321laXlldWy9sFDe3tnd2S3v7DROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8HbiN5+4NiJWjzhKuB/RvhKhYBSt1Lwn16RGGt1S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+m547JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbzyM6GSFLlis0VhKgnGZPI76QnNGcqRJZRpYW8lbEA1ZWgTKtoQvPmXF0njtOJdVM4fzsrVmzyOAhzCEZyAB5dQhTuoQR0YDOEZXuHNSZwX5935mLUuOfnMAfyB8/kDdxKOXA==</latexit>

O = PV



• Three core tenets to this approach:


• Fusion: Combine all 3 operators into a single dispatch 
regions


• Tiling: Tile the operators so that, we perform the matmul, 
softmax and matmul only on one tile at a time


• Aggregation: Apply fixups to the softmax and output 
after processing each tile 

Flash Attention Algorithm
Overview



• Compute softmax one block at a time


• Maintain a running max (        ) and sum (     )


• For each block         , we compute

Flash Attention Algorithm
Softmax Algebraic Aggregation

<latexit sha1_base64="iVJApVSExzw0UUnKzQyZvQQe82A=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8kkszPLzKwQlvyDFw+KePV/vPk3TjZ70MSChqKqm+6uIOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMb2d+64kqzaR4NJOY+hEeCBYygo2Vmg+9lI2mvXLFrboZ0DLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLptNRNNI0xGeMB7VgqcES1n2bXTtGJVfoolMqWMChTf0+kONJ6EgW2M8JmqBe9mfif10lMeO2nTMSJoYLMF4UJR0ai2euozxQlhk8swUQxeysiQ6wwMTagkg3BW3x5mTTPqt5l9eL+vFK7yeMowhEcwyl4cAU1uIM6NIDACJ7hFd4c6bw4787HvLXg5DOH8AfO5w+3mY89</latexit>

Sij

<latexit sha1_base64="y/n9KnHcuDJlxNZcnAaem1czCMY=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIrgkkS5idzCZD5rHMzAphyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFKWfG+v63V1pZXVvfKG9WtrZ3dveq+wePRmWa0JAornQ7xoZyJmlomeW0nWqKRcxpKx7dTv3WE9WGKflgxymNBB5IljCCrZNC0cvZpFet+XV/BrRMgoLUoECzV/3q9hXJBJWWcGxMJ/BTG+VYW0Y4nVS6maEpJiM8oB1HJRbURPns2Ak6cUofJUq7khbN1N8TORbGjEXsOgW2Q7PoTcX/vE5mk+soZzLNLJVkvijJOLIKTT9HfaYpsXzsCCaauVsRGWKNiXX5VFwIweLLy+TxrB5c1i/uz2uNmyKOMhzBMZxCAFfQgDtoQggEGDzDK7x50nvx3r2PeWvJK2YO4Q+8zx8X1Y7j</latexit>mi
<latexit sha1_base64="zCTC7zE6AK+OL8SBMzkzyXiYuJc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJl71cTHrVmlt3ZyDLxCtIDQo0e9Wvbj9hWcwVMkmN6XhuikFONQom+aTSzQxPKRvRAe9YqmjMTZDPjp2QE6v0SZRoWwrJTP09kdPYmHEc2s6Y4tAselPxP6+TYXQd5EKlGXLF5ouiTBJMyPRz0heaM5RjSyjTwt5K2JBqytDmU7EheIsvL5PHs7p3Wb+4P681boo4ynAEx3AKHlxBA+6gCT4wEPAMr/DmKOfFeXc+5q0lp5g5hD9wPn8AFk2O4g==</latexit>

li

<latexit sha1_base64="fb3H+3ffSh1bg3BoRDOASWLHmPM=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKVpUoQrwWpgoWxCPqQmqpyXLc1tePIdqBVlD9g4VdYGECIlZWNv8FNO0DLka50dM69uvceP2RUacf5tjJz8wuLS9nl3Mrq2vqGvblVVSKSmFSwYELWfaQIowGpaKoZqYeSIO4zUvP7lyO/dk+koiK41cOQNDnqBrRDMdJGatn7nqasTWKetGJ6l8Bz6HFfDGIpHjgaJIWbVD5o2Xmn6KSAs8SdkDyYoNyyv7y2wBEngcYMKdVwnVA3YyQ1xYwkOS9SJES4j7qkYWiAOFHNOP0ngXtGacOOkKYCDVP190SMuFJD7ptOjnRPTXsj8T+vEenOWTOmQRhpEuDxok7EoBZwFA5sU0mwZkNDEJbU3ApxD0mEtYkwZ0Jwp1+eJdXDontSPL4+ypcuJnFkwQ7YBQXgglNQAlegDCoAg0fwDF7Bm/VkvVjv1se4NWNNZrbBH1ifP8XYnSE=</latexit>

m̃ij = rowmax(Sij)

<latexit sha1_base64="1kAOC0Ona5galJA/EmEwTBEudUc=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIr41QdOOygn1AG8JkMm1HZzJhZqKWkL9w46+4caGIW935N07bLLT1wIXDOfdy7z1BzKjSjvNtFebmFxaXisulldW19Q17c6upRCIxaWDBhGwHSBFGI9LQVDPSjiVBPGCkFdxejPzWHZGKiuhaD2PicdSPaI9ipI3k29WupiwkKcv8lN5k8Ax2eSAeUinuVcKzSm7XJ/a+b5edqjMGnCVuTsogR923v7qhwAknkcYMKdVxnVh7KZKaYkayUjdRJEb4FvVJx9AIcaK8dPxXBveMEsKekKYiDcfq74kUcaWGPDCdHOmBmvZG4n9eJ9G9Uy+lUZxoEuHJol7CoBZwFBIMqSRYs6EhCEtqboV4gCTC2kRZMiG40y/PkuZB1T2uHl0dlmvneRxFsAN2QQW44ATUwCWogwbA4BE8g1fwZj1ZL9a79TFpLVj5zDb4A+vzB65joOI=</latexit>

l̃ij = rowsum(P̃ij)

<latexit sha1_base64="AQn81xmxaNyUHbq3lH3Qo5oqWWw=">AAACEnicbVDLSgMxFM34rPVVdekmWAQLUmbE10YounFZwT6grSWT3tbYJDMkGbUM8w1u/BU3LhRx68qdf2M67UKtBwKHc87l5h4/5Ewb1/1ypqZnZufmMwvZxaXlldXc2npVB5GiUKEBD1TdJxo4k1AxzHCohwqI8DnU/P7Z0K/dgtIskJdmEEJLkJ5kXUaJsVI7VxDtmCVXsYS7BJ/gpiD3O03DeAdikVjrJtnFaaTQzuXdopsCTxJvTPJojHI799nsBDQSIA3lROuG54amFRNlGOWQZJuRhpDQPulBw1JJBOhWnJ6U4G2rdHA3UPZJg1P150RMhNYD4dukIOZa//WG4n9eIzLd41bMZBgZkHS0qBtxbAI87Ad3mAJq+MASQhWzf8X0mihCjW0xa0vw/p48Sap7Re+weHCxny+djuvIoE20hXaQh45QCZ2jMqogih7QE3pBr86j8+y8Oe+j6JQzntlAv+B8fAOEFJ4C</latexit>

mnew
i = max(m̃ij ,mi)

<latexit sha1_base64="LsAAm96vqNEKUelzgnGnLmafRws=">AAACFHicbZDLSgMxFIYz9VbrbdSlm2ARKmKZEW8boejGZUV7gbaWTHraxmYyQ5JRyzAP4cZXceNCEbcu3Pk2ppeFVn8IfPnPOSTn90LOlHacLys1NT0zO5eezywsLi2v2KtrZRVEkkKJBjyQVY8o4ExASTPNoRpKIL7HoeL1zgb1yi1IxQJxpfshNHzSEazNKNHGato7dc14C+Ji0ozZTYJPcB3uw9zl6LaLfQPJdSzgLtlu2lkn7wyF/4I7hiwaq9i0P+utgEY+CE05UarmOqFuxERqRjkkmXqkICS0RzpQMyiID6oRD5dK8JZxWrgdSHOExkP350RMfKX6vmc6faK7arI2MP+r1SLdPm7ETISRBkFHD7UjjnWABwnhFpNANe8bIFQy81dMu0QSqk2OGROCO7nyXyjv5d3D/MHFfrZwOo4jjTbQJsohFx2hAjpHRVRCFD2gJ/SCXq1H69l6s95HrSlrPLOOfsn6+AZt9Z5x</latexit>

P̃ij = exp(Sij �mnew
i )

<latexit sha1_base64="2MwLM6NvYWEAaKzW+R0/esGPrXg=">AAACJ3icbVDLSgMxFM34rPVVdekmWARFLDPia6MU3bisYFuhM5ZMeqvRJDMkGbUM8zdu/BU3goro0j8xfYDPA4HDOedyc08Yc6aN6747Q8Mjo2PjuYn85NT0zGxhbr6mo0RRqNKIR+o0JBo4k1A1zHA4jRUQEXKoh1eHXb9+DUqzSJ6YTgyBIOeStRklxkrNwj5vpiw7SyXcZHgP+4bxFqQ8s+plhtewD7fxiuhm8DoWX9lV3BtsFopuye0B/yXegBTRAJVm4clvRTQRIA3lROuG58YmSIkyjHLI8n6iISb0ipxDw1JJBOgg7d2Z4WWrtHA7UvZJg3vq94mUCK07IrRJQcyF/u11xf+8RmLau0HKZJwYkLS/qJ1wbCLcLQ23mAJqeMcSQhWzf8X0gihCja02b0vwfp/8l9Q2St52aet4s1g+GNSRQ4toCa0gD+2gMjpCFVRFFN2hB/SMXpx759F5dd760SFnMLOAfsD5+ATEWaZ+</latexit>

lnewi = l̃ij + exp(mi �mnew
i )li

<latexit sha1_base64="jvYc8FbSts05OV78Q1hG0PKhYEQ=">AAACDnicbZC7TsMwFIYdrqXcAowsFlUlppIgbgtSBQtjkOhFakvluKetqeNEtgOqojwBC6/CwgBCrMxsvA1umwFafsnSp/+co+Pz+xFnSjvOtzU3v7C4tJxbya+urW9s2lvbVRXGkkKFhjyUdZ8o4ExARTPNoR5JIIHPoeYPLkf12j1IxUJxo4cRtALSE6zLKNHGattFr52wuxSf46ZmvAOJl06MA8wNpLeJgIe0bReckjMWngU3gwLK5LXtr2YnpHEAQlNOlGq4TqRbCZGaUQ5pvhkriAgdkB40DAoSgGol43NSXDROB3dDaZ7QeOz+nkhIoNQw8E1nQHRfTddG5n+1Rqy7Z62EiSjWIOhkUTfmWId4lA3uMAlU86EBQiUzf8W0TySh2iSYNyG40yfPQvWw5J6Ujq+PCuWLLI4c2kV7aB+56BSV0RXyUAVR9Iie0St6s56sF+vd+pi0zlnZzA76I+vzByzXnDk=</latexit>

Pij = P̃ij/l
new
i

<latexit sha1_base64="NplpGlUIBcD8/xKDeq6WLt8AhpM="></latexit>

Aij = Ãij exp(mi �mnew
i )li/l

new
i



Flash Attention Algorithm
Softmax Algebraic Aggregation

<latexit sha1_base64="vydlRpvX+J1KKCIgJ49kGHnFcjY=">AAACFnicbVDLSgMxFM3UV62vqks3wSLURcuM+FoW3bisYB/Q1pJJ77ShmcyQZLRlmK9w46+4caGIW3Hn35g+QG09EHJyzr3c3OOGnClt219WamFxaXklvZpZW9/Y3Mpu71RVEEkKFRrwQNZdooAzARXNNId6KIH4Loea278c+bU7kIoF4kYPQ2j5pCuYxyjRRmpnC01PEho3YRDmB+3YTnAB+6P7NhZwnxwmMf95Je1szi7aY+B54kxJDk1Rbmc/m52ARj4ITTlRquHYoW7FRGpGOSSZZqQgJLRPutAwVBAfVCser5XgA6N0sBdIc4TGY/V3R0x8pYa+ayp9ontq1huJ/3mNSHvnrZiJMNIg6GSQF3GsAzzKCHeYBKr50BBCJTN/xbRHTE7aJJkxITizK8+T6lHROS2eXB/nShfTONJoD+2jPHLQGSqhK1RGFUTRA3pCL+jVerSerTfrfVKasqY9u+gPrI9v+Qif7A==</latexit>

exp(x0 �mnew
0 )

lnew0



Flash Attention Algorithm
Softmax Algebraic Aggregation

<latexit sha1_base64="hHav0IcbsZJLthzz0SF7/r6vE6w=">AAACFnicbVDLSgMxFM3UV62vqks3wSLURcuM+FoW3bisYB/Q1pJJ77ShmcyQZLRlmK9w46+4caGIW3Hn35g+QG09EHJyzr3c3OOGnClt219WamFxaXklvZpZW9/Y3Mpu71RVEEkKFRrwQNZdooAzARXNNId6KIH4Loea278c+bU7kIoF4kYPQ2j5pCuYxyjRRmpnC01PEho3YRDmB+3YSXAB+6P7NhZwnxwmMf95Je1szi7aY+B54kxJDk1Rbmc/m52ARj4ITTlRquHYoW7FRGpGOSSZZqQgJLRPutAwVBAfVCser5XgA6N0sBdIc4TGY/V3R0x8pYa+ayp9ontq1huJ/3mNSHvnrZiJMNIg6GSQF3GsAzzKCHeYBKr50BBCJTN/xbRHTE7aJJkxITizK8+T6lHROS2eXB/nShfTONJoD+2jPHLQGSqhK1RGFUTRA3pCL+jVerSerTfrfVKasqY9u+gPrI9v/dCf7w==</latexit>

exp(x1 �mnew
1 )

lnew1

<latexit sha1_base64="hzVkMPeBUo02KpHl3lV90qpDdLw="></latexit>

exp(x0 �mnew
0 )

lnew0

⇥
✓
lnew0

lnew1

◆
exp(mnew

0 �mnew
1 )



Flash Attention in MLIR
• Start with a LinalgExt representation of the operator 

where we only expose the first two dimensions to tiling


• Decomposes into a two matrix multiplications and a 
sequence of linalg generics that implement the 
softmax operator


• Expose tiling and decomposition as a transform 
dialect operator so that it can compose with the rest 
of the utilities in the transform dialect

func.func @attention(%query: tensor<20x1024x64xf16>, %key: 
tensor<20x1024x64xf16>, %value: tensor<20x1024x64xf16>) -> 
tensor<20x1024x64xf16> {

  %0 = tensor.empty() : tensor<20x1024x64xf16>

  %1 = iree_linalg_ext.attention ins(%query, %key, 
%value : tensor<20x1024x64xf16>, tensor<20x1024x64xf16>, 
tensor<20x1024x64xf16>) outs(%0 : tensor<20x1024x64xf16>) 
-> tensor<20x1024x64xf16>

  return %1 : tensor<20x1024x64xf16>

}



Tiled & Decomposed Attention
%17 = linalg.matmul_transpose_b ins(… tensor<32x64xf16>, tensor<32x64xf16>) outs(… 
tensor<32x32xf32>)


%18 = linalg.generic ins(%17) outs(%extracted_slice_8) {

        ^bb0(%in: f32, %out: f32):

           %25 = arith.maxf %in, %out : f32

           linalg.yield %25 : f32} -> tensor<32xf32>


%19 = linalg.generic {ins(%18 : tensor<32xf32>) outs(%17) {

        ^bb0(%in: f32, %out: f32):

          %25 = arith.subf %out, %in : f32

          %26 = math.exp2 %25 : f32

          linalg.yield %26 : f32} -> tensor<32x32xf32>


%20 = linalg.generic ins(%extracted_slice_8, %18) outs(%extracted_slice_9)

        ^bb0(%in: f32, %in_12: f32, %out: f32):

          %25 = arith.subf %in, %in_12 : f32

          %26 = math.exp2 %25 : f32

          %27 = arith.mulf %26, %out : f32

          linalg.yield %27 : f32} -> tensor<32xf32>


%21 = linalg.generic ins(%19 : tensor<32x32xf32>) outs(%20 : tensor<32xf32>) {

        ^bb0(%in: f32, %out: f32):

           %25 = arith.addf %in, %out : f32

           linalg.yield %25 : f32} -> tensor<32xf32>


<latexit sha1_base64="fb3H+3ffSh1bg3BoRDOASWLHmPM=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKVpUoQrwWpgoWxCPqQmqpyXLc1tePIdqBVlD9g4VdYGECIlZWNv8FNO0DLka50dM69uvceP2RUacf5tjJz8wuLS9nl3Mrq2vqGvblVVSKSmFSwYELWfaQIowGpaKoZqYeSIO4zUvP7lyO/dk+koiK41cOQNDnqBrRDMdJGatn7nqasTWKetGJ6l8Bz6HFfDGIpHjgaJIWbVD5o2Xmn6KSAs8SdkDyYoNyyv7y2wBEngcYMKdVwnVA3YyQ1xYwkOS9SJES4j7qkYWiAOFHNOP0ngXtGacOOkKYCDVP190SMuFJD7ptOjnRPTXsj8T+vEenOWTOmQRhpEuDxok7EoBZwFA5sU0mwZkNDEJbU3ApxD0mEtYkwZ0Jwp1+eJdXDontSPL4+ypcuJnFkwQ7YBQXgglNQAlegDCoAg0fwDF7Bm/VkvVjv1se4NWNNZrbBH1ifP8XYnSE=</latexit>

m̃ij = rowmax(Sij)
<latexit sha1_base64="AQn81xmxaNyUHbq3lH3Qo5oqWWw=">AAACEnicbVDLSgMxFM34rPVVdekmWAQLUmbE10YounFZwT6grSWT3tbYJDMkGbUM8w1u/BU3LhRx68qdf2M67UKtBwKHc87l5h4/5Ewb1/1ypqZnZufmMwvZxaXlldXc2npVB5GiUKEBD1TdJxo4k1AxzHCohwqI8DnU/P7Z0K/dgtIskJdmEEJLkJ5kXUaJsVI7VxDtmCVXsYS7BJ/gpiD3O03DeAdikVjrJtnFaaTQzuXdopsCTxJvTPJojHI799nsBDQSIA3lROuG54amFRNlGOWQZJuRhpDQPulBw1JJBOhWnJ6U4G2rdHA3UPZJg1P150RMhNYD4dukIOZa//WG4n9eIzLd41bMZBgZkHS0qBtxbAI87Ad3mAJq+MASQhWzf8X0mihCjW0xa0vw/p48Sap7Re+weHCxny+djuvIoE20hXaQh45QCZ2jMqogih7QE3pBr86j8+y8Oe+j6JQzntlAv+B8fAOEFJ4C</latexit>

mnew
i = max(m̃ij ,mi)

<latexit sha1_base64="LsAAm96vqNEKUelzgnGnLmafRws=">AAACFHicbZDLSgMxFIYz9VbrbdSlm2ARKmKZEW8boejGZUV7gbaWTHraxmYyQ5JRyzAP4cZXceNCEbcu3Pk2ppeFVn8IfPnPOSTn90LOlHacLys1NT0zO5eezywsLi2v2KtrZRVEkkKJBjyQVY8o4ExASTPNoRpKIL7HoeL1zgb1yi1IxQJxpfshNHzSEazNKNHGato7dc14C+Ji0ozZTYJPcB3uw9zl6LaLfQPJdSzgLtlu2lkn7wyF/4I7hiwaq9i0P+utgEY+CE05UarmOqFuxERqRjkkmXqkICS0RzpQMyiID6oRD5dK8JZxWrgdSHOExkP350RMfKX6vmc6faK7arI2MP+r1SLdPm7ETISRBkFHD7UjjnWABwnhFpNANe8bIFQy81dMu0QSqk2OGROCO7nyXyjv5d3D/MHFfrZwOo4jjTbQJsohFx2hAjpHRVRCFD2gJ/SCXq1H69l6s95HrSlrPLOOfsn6+AZt9Z5x</latexit>

P̃ij = exp(Sij �mnew
i )

<latexit sha1_base64="KEMBXerbTxlaxPD2vOi6a1DHdgs=">AAACCHicbVC7TsMwFHXKq5RXgZEBiwqpDFQJ4jVWsDAWiT6ktlSOe9tadZzIdoAqysjCr7AwgBArn8DG3+C0GaDlSJaPz7lX1/e4AWdK2/a3lZmbX1hcyi7nVlbX1jfym1s15YeSQpX63JcNlyjgTEBVM82hEUggnsuh7g4vE79+B1IxX9zoUQBtj/QF6zFKtJE6+d0WPARFrxOxGB/i8X0bCbiPDzBPHp18wS7ZY+BZ4qSkgFJUOvmvVtenoQdCU06Uajp2oNsRkZpRDnGuFSoICB2SPjQNFcQD1Y7Gi8R43yhd3POlOULjsfq7IyKeUiPPNZUe0QM17SXif14z1L3zdsREEGoQdDKoF3KsfZykgrtMAtV8ZAihkpm/YjogklBtssuZEJzplWdJ7ajknJZOro8L5Ys0jizaQXuoiBx0hsroClVQFVH0iJ7RK3qznqwX6936mJRmrLRnG/2B9fkDYwKZmA==</latexit>

exp(mi �mnew
i )li

<latexit sha1_base64="1kAOC0Ona5galJA/EmEwTBEudUc=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIr41QdOOygn1AG8JkMm1HZzJhZqKWkL9w46+4caGIW935N07bLLT1wIXDOfdy7z1BzKjSjvNtFebmFxaXisulldW19Q17c6upRCIxaWDBhGwHSBFGI9LQVDPSjiVBPGCkFdxejPzWHZGKiuhaD2PicdSPaI9ipI3k29WupiwkKcv8lN5k8Ax2eSAeUinuVcKzSm7XJ/a+b5edqjMGnCVuTsogR923v7qhwAknkcYMKdVxnVh7KZKaYkayUjdRJEb4FvVJx9AIcaK8dPxXBveMEsKekKYiDcfq74kUcaWGPDCdHOmBmvZG4n9eJ9G9Uy+lUZxoEuHJol7CoBZwFBIMqSRYs6EhCEtqboV4gCTC2kRZMiG40y/PkuZB1T2uHl0dlmvneRxFsAN2QQW44ATUwCWogwbA4BE8g1fwZj1ZL9a79TFpLVj5zDb4A+vzB65joOI=</latexit>

l̃ij = rowsum(P̃ij)
<latexit sha1_base64="2MwLM6NvYWEAaKzW+R0/esGPrXg=">AAACJ3icbVDLSgMxFM34rPVVdekmWARFLDPia6MU3bisYFuhM5ZMeqvRJDMkGbUM8zdu/BU3goro0j8xfYDPA4HDOedyc08Yc6aN6747Q8Mjo2PjuYn85NT0zGxhbr6mo0RRqNKIR+o0JBo4k1A1zHA4jRUQEXKoh1eHXb9+DUqzSJ6YTgyBIOeStRklxkrNwj5vpiw7SyXcZHgP+4bxFqQ8s+plhtewD7fxiuhm8DoWX9lV3BtsFopuye0B/yXegBTRAJVm4clvRTQRIA3lROuG58YmSIkyjHLI8n6iISb0ipxDw1JJBOgg7d2Z4WWrtHA7UvZJg3vq94mUCK07IrRJQcyF/u11xf+8RmLau0HKZJwYkLS/qJ1wbCLcLQ23mAJqeMcSQhWzf8X0gihCja02b0vwfp/8l9Q2St52aet4s1g+GNSRQ4toCa0gD+2gMjpCFVRFFN2hB/SMXpx759F5dd760SFnMLOAfsD5+ATEWaZ+</latexit>

lnewi = l̃ij + exp(mi �mnew
i )li



%22 = linalg.generic outs(%21 : tensor<32xf32>) {

        ^bb0(%out: f32):

            %cst_24 = arith.constant 1.000000e+00 : f32

            %41 = arith.divf %cst_24, %out : f32

            linalg.yield %41 : f32} -> tensor<32xf32>


%23 = linalg.generic ins(%22 : tensor<32xf32>) outs(%19 : tensor<32x32xf32>) {

        ^bb0(%in: f32, %out: f32):

           %25 = arith.mulf %out, %in : f32

           linalg.yield %25 : f32} -> tensor<32x32xf32>


%24 = linalg.generic ins(%23 : tensor<32x32xf32>) outs(%36 : tensor<32x32xf16>) {

        ^bb0(%in: f32, %out: f16):

           %41 = arith.truncf %in : f32 to f16

           linalg.yield %41 : f16} -> tensor<32x32xf16>


%25 = linalg.generic ins(%extracted_slice_7, %20, %23 : tensor<32x64xf32>, tensor<32xf32>, 
tensor<32xf32>) outs(%14 : tensor<32x64xf32>) {

        ^bb0(%in: f32, %in_12: f32, %in_13: f32, %out: f32):

           %25 = arith.mulf %in_12, %in_13 : f32

           %26 = arith.mulf %25, %in : f32

           linalg.yield %26 : f32} -> tensor<32x64xf32>


%26 = linalg.matmul ins(%24, %extracted_slice_6 : tensor<32x32xf16>, tensor<32x64xf16>) 
outs(%23 : tensor<32x64xf32>) -> tensor<32x64xf32>


Tiled & Decomposed Attention

<latexit sha1_base64="jvYc8FbSts05OV78Q1hG0PKhYEQ=">AAACDnicbZC7TsMwFIYdrqXcAowsFlUlppIgbgtSBQtjkOhFakvluKetqeNEtgOqojwBC6/CwgBCrMxsvA1umwFafsnSp/+co+Pz+xFnSjvOtzU3v7C4tJxbya+urW9s2lvbVRXGkkKFhjyUdZ8o4ExARTPNoR5JIIHPoeYPLkf12j1IxUJxo4cRtALSE6zLKNHGattFr52wuxSf46ZmvAOJl06MA8wNpLeJgIe0bReckjMWngU3gwLK5LXtr2YnpHEAQlNOlGq4TqRbCZGaUQ5pvhkriAgdkB40DAoSgGol43NSXDROB3dDaZ7QeOz+nkhIoNQw8E1nQHRfTddG5n+1Rqy7Z62EiSjWIOhkUTfmWId4lA3uMAlU86EBQiUzf8W0TySh2iSYNyG40yfPQvWw5J6Ujq+PCuWLLI4c2kV7aB+56BSV0RXyUAVR9Iie0St6s56sF+vd+pi0zlnZzA76I+vzByzXnDk=</latexit>

Pij = P̃ij/l
new
i

<latexit sha1_base64="NplpGlUIBcD8/xKDeq6WLt8AhpM="></latexit>

Aij = Ãij exp(mi �mnew
i )li/l

new
i



Tiled & Decomposed Attention
• Add a sequential loop that corresponds to computing 

the attention along a rows


• Only load the key and value matrices in this loop and 
reuse the query and accumulator matrices


• Further distribute the query dimension among warps 
inside this sequential loop


• Promote operands to shared memory



Code generation using Transform Dialect
• High-level strategy:


• Tile and distribute attention


• Vectorize


• Bufferize


• Preprocess contractions to get to the right form


• Hoist transfer reads/writes and additional 
optimizations


• Apply layout transformation



Code generation using Transform Dialect
transform.sequence failures(propagate) {

  ^bb0(%variant_op: !pdl.operation):


    // Get attention op

    // ==========================================

    %attention = transform.structured.match ops{["iree_linalg_ext.attention"]} in %variant_op : (!pdl.operation) -> !pdl.operation


    // Tile and distribute to workgroups

    // ==========================================

    %forall_grid, %tiled_attention =

    transform.iree.tile_to_forall_and_workgroup_count_region %attention tile_sizes [1, 256]

      ( mapping = [#gpu.block<x>, #gpu.block<y>] )


    // Tile and decompose attention

    // ==========================================

    %attention2 = transform.structured.match ops{["iree_linalg_ext.attention"]} in %variant_op : (!pdl.operation) -> !pdl.operation

    %outer_loop, %max_fill, %sum_fill, %mid_loop, %inner_loop, %fill_op, %first_matmul, %reduce_max, %partial_softmax, %reduce_sum, %update,

    %softmax, %scale_acc, %second_matmul = tile_and_decompose_attention %attention2 :

       (!pdl.operation) -> (!pdl.operation, !pdl.operation, !pdl.operation, !pdl.operation, !pdl.operation, !pdl.operation, !pdl.operation, !pdl.operation, !pdl.operation, !
pdl.operation, !pdl.operation, !pdl.operation, !pdl.operation, !pdl.operation)


    // Vectorize function

    // ==========================================

    %func = transform.structured.match ops{["func.func"]} in %variant_op : (!pdl.operation) -> !pdl.operation

    transform.iree.apply_patterns %func {  rank_reducing_linalg, rank_reducing_vector } : (!pdl.operation) -> ()

    %func_3 = transform.structured.vectorize %func


    // Bufferization

    // ==========================================

    transform.iree.apply_patterns %func_3

      { fold_reassociative_reshapes, canonicalization, tiling_canonicalization, cse } : (!pdl.operation) -> ()

    transform.iree.eliminate_empty_tensors %variant_op : (!pdl.operation) -> ()

    transform.iree.apply_patterns %func_3 { erase_unnecessary_tensor_operands } : (!pdl.operation) -> ()

    %variant_op_3 = transform.iree.bufferize { target_gpu } %variant_op : (!pdl.operation) -> (!pdl.operation)

    %memref_func = transform.structured.match ops{["func.func"]} in %variant_op_3 : (!pdl.operation) -> !pdl.operation

    transform.iree.erase_hal_descriptor_type_from_memref %memref_func : (!pdl.operation) -> ()



Code generation using Transform Dialect
    // Post-bufferization vector distribution

    // ===========================================================================

    %func_7 = transform.structured.match ops{["func.func"]} in %variant_op_3 : (!pdl.operation) -> !pdl.operation

    transform.iree.forall_to_workgroup %func_7 : (!pdl.operation) -> ()

    transform.iree.map_nested_forall_to_gpu_threads %func_7 workgroup_dims = [4, 8, 2] warp_dims = [2, 1, 1] : (!pdl.operation) -> ()


    %func_8 = transform.structured.hoist_redundant_vector_transfers %memref_func

    : (!pdl.operation) -> !pdl.operation

    transform.iree.apply_patterns %func_8 { fold_memref_aliases } : (!pdl.operation) -> ()

    transform.iree.apply_patterns %func_8 { cse } : (!pdl.operation) -> ()

    transform.iree.apply_patterns %func_8 { canonicalization } : (!pdl.operation) -> ()

    transform.iree.apply_buffer_optimizations %func_8 : (!pdl.operation) -> ()


    // Do layout analysis and lower to mma

    // ===========================================================================

    %func_10 = transform.structured.match ops{["func.func"]} in %variant_op_3 : (!pdl.operation) -> !pdl.operation

    %reordered_func = transform.iree.reorder_transpose %func_10 : (!pdl.operation) -> !pdl.operation

    transform.iree.apply_patterns %reordered_func { cse } : (!pdl.operation) -> ()

    %func_11 = transform.iree.layout_analysis_and_distribution %reordered_func : (!pdl.operation) -> (!pdl.operation)

}




IR Before Layout Transformation
%9 = vector.transfer_read %alloc[%c0, %8, %c0], %cst_4 {in_bounds = [true, true]} : memref<1x128x64xf16, #gpu.address_space<workgroup>>, vector<32x64xf16>

%10 = arith.extf %9 : vector<32x64xf16> to vector<32x64xf32>

%11:3 = scf.for %arg0 = %c0 to %c4096 step %c128 iter_args(%arg1 = %cst_0, %arg2 = %cst_1, %arg3 = %cst) -> (vector<32xf32>, vector<32xf32>, vector<32x64xf32>) {

  %13 = vector.transfer_read %alloc_11[%c0, %c0], %cst_4 {in_bounds = [true, true]} : memref<128x64xf16, #gpu.address_space<workgroup>>, vector<128x64xf16>

  %14 = arith.extf %13 : vector<128x64xf16> to vector<128x64xf32>

  %15 = vector.contract {indexing_maps = [#map4, #map5, #map6], iterator_types = ["parallel", "parallel", "reduction"], kind = #vector.kind<add>} %10, %14, %cst_2 : 
vector<32x64xf32>, vector<128x64xf32> into vector<32x128xf32>

  %16 = vector.multi_reduction <maxf>, %15, %arg1 [1] : vector<32x128xf32> to vector<32xf32>

  %17 = vector.broadcast %16 : vector<32xf32> to vector<128x32xf32>

  %18 = vector.transpose %17, [1, 0] : vector<128x32xf32> to vector<32x128xf32>

  %19 = arith.subf %15, %18 : vector<32x128xf32>

  %20 = math.exp2 %19 : vector<32x128xf32>

  %21 = arith.subf %arg1, %16 : vector<32xf32>

  %22 = math.exp2 %21 : vector<32xf32>

  %23 = arith.mulf %22, %arg2 : vector<32xf32>

  %24 = vector.multi_reduction <add>, %20, %23 [1] : vector<32x128xf32> to vector<32xf32>

  %25 = arith.divf %cst_3, %24 : vector<32xf32>

  %26 = vector.broadcast %25 : vector<32xf32> to vector<128x32xf32>

  %27 = vector.transpose %26, [1, 0] : vector<128x32xf32> to vector<32x128xf32>

  %28 = arith.mulf %20, %27 : vector<32x128xf32>

  %29 = arith.truncf %28 : vector<32x128xf32> to vector<32x128xf16>

  %30 = vector.broadcast %23 : vector<32xf32> to vector<64x32xf32>

  %31 = vector.broadcast %25 : vector<32xf32> to vector<64x32xf32>

  %32 = vector.transpose %30, [1, 0] : vector<64x32xf32> to vector<32x64xf32>

  %33 = vector.transpose %31, [1, 0] : vector<64x32xf32> to vector<32x64xf32>

  %34 = arith.mulf %32, %33 : vector<32x64xf32>

  %35 = arith.mulf %34, %arg3 : vector<32x64xf32>

  %36 = arith.extf %29 : vector<32x128xf16> to vector<32x128xf32>

  %37 = vector.transfer_read %alloc_12[%c0, %c0], %cst_4 {in_bounds = [true, true], permutation_map = #map7} : memref<128x64xf16, #gpu.address_space<workgroup>>, 
vector<64x128xf16>

  %38 = arith.extf %37 : vector<64x128xf16> to vector<64x128xf32>

  %39 = vector.contract {indexing_maps = [#map4, #map5, #map6], iterator_types = ["parallel", "parallel", "reduction"], kind = #vector.kind<add>} %36, %38, %35 : 
vector<32x128xf32>, vector<64x128xf32> into vector<32x64xf32>

  scf.yield %16, %24, %39 : vector<32xf32>, vector<32xf32>, vector<32x64xf32>

}

%12 = arith.truncf %11#2 : vector<32x64xf32> to vector<32x64xf16>

vector.transfer_write %12, %alloc_7[%c0, %8, %c0] {in_bounds = [true, true]} : vector<32x64xf16>, memref<1x128x64xf16, #gpu.address_space<workgroup>>




Layout Propagation
%9 = vector.transfer_read %alloc[%c0, %8, %c0], %cst_4 {in_bounds = [true, true]} : memref<1x128x64xf16, #gpu.address_space<workgroup>>, vector<32x64xf16>

%10 = arith.extf %9 : vector<32x64xf16> to vector<32x64xf32>

%11:3 = scf.for %arg0 = %c0 to %c4096 step %c128 iter_args(%arg1 = %cst_0, %arg2 = %cst_1, %arg3 = %cst) -> (vector<32xf32>, vector<32xf32>, vector<32x64xf32>) {

  %13 = vector.transfer_read %alloc_11[%c0, %c0], %cst_4 {in_bounds = [true, true]} : memref<128x64xf16, #gpu.address_space<workgroup>>, vector<128x64xf16>

  %14 = arith.extf %13 : vector<128x64xf16> to vector<128x64xf32>

  %15 = vector.contract {indexing_maps = [#map4, #map5, #map6], iterator_types = ["parallel", "parallel", "reduction"], kind = #vector.kind<add>} %10, %14, %cst_2 : 
vector<32x64xf32>, vector<128x64xf32> into vector<32x128xf32>

  %16 = vector.multi_reduction <maxf>, %15, %arg1 [1] : vector<32x128xf32> to vector<32xf32>

  %17 = vector.broadcast %16 : vector<32xf32> to vector<128x32xf32>

  %18 = vector.transpose %17, [1, 0] : vector<128x32xf32> to vector<32x128xf32>

  %19 = arith.subf %15, %18 : vector<32x128xf32>

  %20 = math.exp2 %19 : vector<32x128xf32>

  %21 = arith.subf %arg1, %16 : vector<32xf32>

  %22 = math.exp2 %21 : vector<32xf32>

  %23 = arith.mulf %22, %arg2 : vector<32xf32>

  %24 = vector.multi_reduction <add>, %20, %23 [1] : vector<32x128xf32> to vector<32xf32>

  %25 = arith.divf %cst_3, %24 : vector<32xf32>

  %26 = vector.broadcast %25 : vector<32xf32> to vector<128x32xf32>

  %27 = vector.transpose %26, [1, 0] : vector<128x32xf32> to vector<32x128xf32>

  %28 = arith.mulf %20, %27 : vector<32x128xf32>

  %29 = arith.truncf %28 : vector<32x128xf32> to vector<32x128xf16>

  %30 = vector.broadcast %23 : vector<32xf32> to vector<64x32xf32>

  %31 = vector.broadcast %25 : vector<32xf32> to vector<64x32xf32>

  %32 = vector.transpose %30, [1, 0] : vector<64x32xf32> to vector<32x64xf32>

  %33 = vector.transpose %31, [1, 0] : vector<64x32xf32> to vector<32x64xf32>

  %34 = arith.mulf %32, %33 : vector<32x64xf32>

  %35 = arith.mulf %34, %arg3 : vector<32x64xf32>

  %36 = arith.extf %29 : vector<32x128xf16> to vector<32x128xf32>

  %37 = vector.transfer_read %alloc_12[%c0, %c0], %cst_4 {in_bounds = [true, true], permutation_map = #map7} : memref<128x64xf16, #gpu.address_space<workgroup>>, 
vector<64x128xf16>

  %38 = arith.extf %37 : vector<64x128xf16> to vector<64x128xf32>

  %39 = vector.contract {indexing_maps = [#map4, #map5, #map6], iterator_types = ["parallel", "parallel", "reduction"], kind = #vector.kind<add>} %36, %38, %35 : 
vector<32x128xf32>, vector<64x128xf32> into vector<32x64xf32>

  scf.yield %16, %24, %39 : vector<32xf32>, vector<32xf32>, vector<32x64xf32>

}

%12 = arith.truncf %11#2 : vector<32x64xf32> to vector<32x64xf16>

vector.transfer_write %12, %alloc_7[%c0, %8, %c0] {in_bounds = [true, true]} : vector<32x64xf16>, memref<1x128x64xf16, #gpu.address_space<workgroup>>


Layout Conflict #1



Layout Propagation (Pseudo 2D)
%9 = vector.transfer_read %alloc[%c0, %8, %c0], %cst_4 {in_bounds = [true, true]} : memref<1x128x64xf16, #gpu.address_space<workgroup>>, vector<32x64xf16>

%10 = arith.extf %9 : vector<32x64xf16> to vector<32x64xf32>

%11:3 = scf.for %arg0 = %c0 to %c4096 step %c128 iter_args(%arg1 = %cst_0, %arg2 = %cst_1, %arg3 = %cst) -> (vector<32xf32>, vector<32xf32>, vector<32x64xf32>) {

  %13 = vector.transfer_read %alloc_11[%c0, %c0], %cst_4 {in_bounds = [true, true]} : memref<128x64xf16, #gpu.address_space<workgroup>>, vector<128x64xf16>

  %14 = arith.extf %13 : vector<128x64xf16> to vector<128x64xf32>

  %15 = vector.contract {indexing_maps = [#map4, #map5, #map6], iterator_types = ["parallel", "parallel", "reduction"], kind = #vector.kind<add>} %10, %14, %cst_2 : 
vector<32x64xf32>, vector<128x64xf32> into vector<32x128xf32>

  %16 = vector.multi_reduction <maxf>, %15, %arg1 [1] : vector<32x128xf32> to vector<32xf32>

  %17 = vector.broadcast %16 : vector<32xf32> to vector<128x32xf32>

  %18 = vector.transpose %17, [1, 0] : vector<128x32xf32> to vector<32x128xf32>

  %19 = arith.subf %15, %18 : vector<32x128xf32>

  %20 = math.exp2 %19 : vector<32x128xf32>

  %21 = arith.subf %arg1, %16 : vector<32xf32>

  %22 = math.exp2 %21 : vector<32xf32>

  %23 = arith.mulf %22, %arg2 : vector<32xf32>

  %24 = vector.multi_reduction <add>, %20, %23 [1] : vector<32x128xf32> to vector<32xf32>

  %25 = arith.divf %cst_3, %24 : vector<32xf32>

  %26 = vector.broadcast %25 : vector<32xf32> to vector<128x32xf32>

  %27 = vector.transpose %26, [1, 0] : vector<128x32xf32> to vector<32x128xf32>

  %28 = arith.mulf %20, %27 : vector<32x128xf32>

  %29 = arith.truncf %28 : vector<32x128xf32> to vector<32x128xf16>

  %30 = vector.broadcast %23 : vector<32xf32> to vector<64x32xf32>

  %31 = vector.broadcast %25 : vector<32xf32> to vector<64x32xf32>

  %32 = vector.transpose %30, [1, 0] : vector<64x32xf32> to vector<32x64xf32>

  %33 = vector.transpose %31, [1, 0] : vector<64x32xf32> to vector<32x64xf32>

  %34 = arith.mulf %32, %33 : vector<32x64xf32>

  %35 = arith.mulf %34, %arg3 : vector<32x64xf32>

  %36 = arith.extf %29 : vector<32x128xf16> to vector<32x128xf32>

  %37 = vector.transfer_read %alloc_12[%c0, %c0], %cst_4 {in_bounds = [true, true], permutation_map = #map7} : memref<128x64xf16, #gpu.address_space<workgroup>>, 
vector<64x128xf16>

  %38 = arith.extf %37 : vector<64x128xf16> to vector<64x128xf32>

  %39 = vector.contract {indexing_maps = [#map4, #map5, #map6], iterator_types = ["parallel", "parallel", "reduction"], kind = #vector.kind<add>} %36, %38, %35 : 
vector<32x128xf32>, vector<64x128xf32> into vector<32x64xf32>

  scf.yield %16, %24, %39 : vector<32xf32>, vector<32xf32>, vector<32x64xf32>

}

%12 = arith.truncf %11#2 : vector<32x64xf32> to vector<32x64xf16>

vector.transfer_write %12, %alloc_7[%c0, %8, %c0] {in_bounds = [true, true]} : vector<32x64xf16>, memref<1x128x64xf16, #gpu.address_space<workgroup>>


Layout Conflict #2



Resolving Layout Conflicts
• Different Types of Layout Conflicts


• Lane conflicts


• Require trip to shared memory


• Vector and/or Batch conflicts


• Can be resolved by appropriate broadcasting / extract operations


• Layout Conflict #1 is a batch and vector conflict


• Layout Conflict #2 is a batch conflict



Resolving Layout Conflicts
• Layout Conflict #1


• We have a vector<2x16x2x2xf16>, but we need a vector<2x8x4x2xf16>

%7084 = vector.extract %7083[0, 0] : vector<2x16x2x2xf16>

%7085 = vector.insert_strided_slice %7084, %cst_1100 {offsets = [0, 0, 0, 0], strides = [1, 1]} : vector<2x2xf16> into 
vector<2x8x4x2xf16>

%7086 = vector.extract %7083[0, 1] : vector<2x16x2x2xf16>

%7087 = vector.insert_strided_slice %7086, %7085 {offsets = [0, 0, 2, 0], strides = [1, 1]} : vector<2x2xf16> into 
vector<2x8x4x2xf16>

%7088 = vector.extract %7083[0, 2] : vector<2x16x2x2xf16




Resolving Layout Conflicts
• Layout Conflict #2


• We have a vector<2x16x2x2xf16>, but we need a vector<2x8x2x2xf16>


• Here we can extract the relevant slice since it is a pseudo 2D vector

%7149 = vector.extract_strided_slice %7148 {offsets = [0, 0, 0, 0], sizes = [2, 8, 2, 2], strides = [1, 1, 1, 1]} : 
vector<2x16x2x2xf16> to vector<2x8x2x2xf16>




PTX Code generation
• After layout propagation, we apply the vector 

distribution rules we showed earlier


• Can then be lowered through existing IREE 
pipeline to generate PTX code ldmatrix.sync.aligned.m8n8.x4.shared.b16 {%r453, %r454, %r455, %r456}, [%rd64];


mma.sync.aligned.m16n8k16.row.col.f32.f16.f16.f32

        {%f322, %f323, %f324, %f325},

        {%hh1, %hh3, %hh2, %hh4},

        {%hh33, %hh34},

        {%f255, %f255, %f255, %f255};


...

shfl.sync.bfly.b32  %r537|%p272, %r536, 2, 31, -1;

...

ldmatrix.sync.aligned.m8n8.x4.trans.shared.b16 {%r1478, %r1479, %r1480, %r1481}, [%rd96];

 mma.sync.aligned.m16n8k16.row.col.f32.f16.f16.f32

        {%f828, %f829, %f830, %f831},

        {%hh85, %hh86, %hh87, %hh88},

        {%hh147, %hh148},

        {%f824, %f825, %f826, %f827};




Results
• We test against Triton on an NVIDIA A100 on a 

range of sequence lengths going up to 16k


• Disable causal masking and scaling


• Benchmarking results captured using nsys



Conclusions & Future Work
• Introduced a high dimensional layout for vector distribution that is expressive, self-contained and generalizable


• Generalize this approach to represent the mapping as a series of composable transformations instead of a fixed 
vector


• Move from implicit to explicit IR representation


• Add other variations of attention (causal attention, backward, etc.)


• Apply to other hardware vendors


• AMD GPUs using Vulkan, Custom accelerators, etc. 
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